I. Introduction
Let = ( , ) be a connected graph with node set = ( ) and the edge set = ( ). If = ∈ ( ), then the vertices and are adjacent. For vertices and in , the distance ( , ) is the length of a shortest -path in . An -path oflength ( , ) is called an − geodesic. A vertex is said to lie on an − geodesic if is a vertex of including the vertices and . The eccentricity ( ) of a vertex is defined by ( ) = { ( , ) ∶ ∈ }. The minimum and the maximum eccentricity among vertices of G is its radius and diameter , respectively. For graph theoretic notation and terminology, we follow [1, 2] .
In [1] Harary et al introduced a graph theoretical parameter, the geodetic number of a graph and further studied it in [3, 4, 5, 6] . The geodetic closure of the set ⊂ ( ) is = { ∈ : ∃ , ∈ , is in some -geodesic}. The geodetic number of a graph is defined as ( ) = {| | ∶ ⊂ = }. An equivalent definition for geodetic number of a graph is given in [4] as follows, Let ( , ) be the set (interval) of all vertices lying on some − geodesic of , and for a nonempty subset of ( ), =
, ∈ . The set of vertices of is called a geodetic set in if = , and a geodetic set of minimum cardinality is a minimum geodetic set. The cardinality of aminimum geodetic set in is called the geodetic number ( ). In [6] , it is shown that theproblem of determining the geodetic number of a graph is an NP-hard problem. The geodetic number of a graph is also referred as geodomination number [7] . Chartrand, Harary, Swart and Zhang were the first to study the geodetic concepts in relation to domination. Later, it was further studied by several others. [8, 9] .
The edge geodetic number of graph was introduced in [10] and further studied in [11] . In [12] , Santhakumaran et al introduced a variant, the double geodetic number of a graph. A set of vertices of is called a double geodetic set of if for each pair of vertices , in there exist vertices , in such that , ∈ ( , ).The double geodetic number ( ) of is minimum cardinality of a double geodetic set. Any geodetic set of cardinality ( ) is called -set of . The geodetic concepts have many remarkable applications in communication network design and designing the route for a shuttle. The edge geodetic set has more real life applications than the geodetic sets. In particular, they are more advantageous in the case of regulating and routing the goods vehicles to transport the commodities to important places. The geodetic concepts are also applied to other areas like telephone switching centers, facility location, distributed computing, image and video editing, neural networks and data mining.
II. Doubly Geodetic Number of a Graph
In this section, we formally define the doubly geodetic number of a graph.Let be a connected graph with at least two vertices. A vertex is said to be geodominated by the pair of vertices{ , } if lies lie on some − geodesic. Fig.1(a) , it is clear that 1 = { , }is a -set of 1 . Thus 1 = 2 = ( 1 ). The double geodetic number and geodetic number of a graphcan be different. For the graph 2 in Fig.1(b) , it is clear that no 2-element or no 3-element subset of 2 is a doubly geodetic set of 2 . 2 = { 1 , 2 , 3 , 5 } is a doubly geodetic set, so 2 = 4. But ( 2 ) = 3.
A vertex in a graph is an extreme vertex if the subgraph induced by its neighborhood is complete. Every extreme vertex of a graph is an end-vertex of every geodesic containing it. A set of vertices of a connected graph is called a cutset of if the graph − is not connected. In particular, a vertex ∈ ( ) is a cut-vertex of if − is disconnected. The connectivity ( ) of a connected non-complete graph is the minimum cardinality of a cutset of . The following theorems will be used in the sequel. Theorem 2.2. [7] Every geodetic set of a graph contains its extreme vertices. In particular,if the set of extreme vertices of is a geodetic set of , then is the unique minimum geodetic set of . Theorem 2.3. [7] Let be a connected graph with a cut vertex . Then every geodetic setof contains at least one vertex from each component of − .
III. Main Results
Theorem 3.1. For any graph , 2 ≤ ( ) ≤ ( ) ≤ . Proof: A geodetic set needs at least two vertices and therefore ( ) ≥ 2. It is clear that every doubly geodetic set is also a geodetic set and so ( ) ≤ . Since the set of all vertices of is a doubly geodetic set of , ≤ .
Remark 3.2.
The bounds in theorem 3.1 are sharp. For the complete graph ( ≥ 2), wehave ( ) = and for the graph , in Fig.1(a) , = 2. The graphs with double geodetic number 2 are investigated in the sequel.
Theorem 3.3.
Every -set of a graph contains its extreme vertices. Proof: Since every doubly geodetic set is a geodetic set, the result follows from theorem 2.2. ≥ . On the other hand, for an internal vertex of , there exist end-vertices , of such that lies on the unique -geodesic in . Thus, an internal vertex of , will lie on exactly 2 distinct geodesics of vertices in . Therefore, = . Since every geodetic set of must contain by theorem 3.3, is the unique minimum doubly geodetic set. Theorem 3.9. If = or − , i.e. a graph obtained from by removing an edge , then = . Proof: By theorem 3.1, ≥ ( ). Also for = , we have, = ( ) = . It remains to show that, for = − , = . Let = , , where , ∈ ( ) then can be redrawn as in Fig.2 . Each vertices and are adjacent to − 2 vertices of clique −2 in . Since and are extreme vertices, they both belong to −set. Also every vertex in the clique −2 will lie on only one geodesic. Thus = .
Fig.2:
− , where = and 2 = for some , , ∈ ( ), then = − 1 , 2 , can be redrawn as in Fig.3(a) . Since , , are extreme vertices, they all belong to -set. Also, every vertex − , , lies on each of the − and − geodesics. Thus, = 3. Case(ii): When 1 and 2 are not adjacent. Let 1 = and 2 = for some , , , ∈ ( ), then = − 1 , 2 , can be redrawn as in Fig.3(b) . Since , , , are extreme vertices, they all belong to -set. Also, every vertex − { , , , } lie on each of the − and − geodesics. Thus, = 4. Theorem3. 11. If be a path of order ≥ 3, then = 3. Proof: Let : 1 , 2 , … , be the path. The two end-vertices 1 , belong to -set say . All the internal vertices lie exactly on only one 1 − geodesic. Inclusion of any one internal vertex to set , will make all vertices of − doubly geodominated. Thus, = 3 Proof: Let = , , , ≥ 2 and let be a -set of . Suppose is a 3-element subset of ( ). Then by theorem 3.12, there exist a vertex in the outer boundary, that is the outer cycle 2( + −2) ,such that it lies on at most one geodesic of vertices of .See Fig.4(a) .Therefore, ( ) ≥ 4. It can be easily verified that, = { , , , }, where , , , arethe corner vertices is a doubly geodetic set of .See Fig.4(b) . Thus, it follows that ( ) = 4. ( , 1 , 2 , . . . , , +1 , … , −1 , )and( , 1 , 2 , . . . , , +1 , … , −1 , )are also geodesics between and . Thus all the vertices of ( − )and ( − ) lie on atleast two distinct geodesics. Since the above argument holdsgood for every − geodesics we have, = 2.
IV. Conclusion
In this paper, we haveformally defined the doubly geodetic number of a graph and studied its properties. Furthermore, we have obtained the doubly geodetic number of trees, cycle, complete graph, complete -partite graph and grid.The computational complexity for this problem is under study.
